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Abstract
Motivated from the study of eccentricity, center, and sum of eccentricities in graphs and
trees, we introduce several new distance-based global and local functions based on the smallest
distance from a vertex to some leaf (called the “uniformity” at that vertex). Some natural
extremal problems on trees are considered. Then the middle parts of a tree is discussed and
compared with the well-known center of a tree. The values of the global functions are also
compared with the sum of eccentricities and some sharp bounds are established. Last but
not the least, we show that the difference between the eccentricity and the uniformity, when
considered as a local function, behaves in a very similar way as the eccentricity itself.
Key words: Eccentricity; Uniformity; Center; Tree
AMS Classifications: 05C12, 05C07.
1 Introduction
Graph invariants used as topological indices have been extensively studied in mathematics and
many related fields. Among numerous graph invariants many are defined on the distances between
vertices. One well-known such “distance-based” graph invariant is the Wiener index, defined as the
sum of distances between all pairs of vertices in a graph G [9, 10]. Denoted by W (G), it can also be
represented as
W (G) =
1
2
∑
v∈V (G)
d(v)
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where
d(v) =
∑
u∈V (G)
dG(u, v)
is often called the distance function at v, considered as the local version of the global functionW (G).
Here dG(u, v) is the distance between two vertices u and v in a graph G. We often simply write
d(u, v) when it is clear what the underlying graph is.
Analogous to d(v), another well studied distance-based concept is called the eccentricity, defined
as
eccG(v) = max
u∈V (G)
d(u, v).
Again we often write ecc(v) (instead of eccG(v)) when there is no confusion. Treating ecc(v) as a
local function, the global function is naturally defined as the sum of eccentricities
Ecc(G) =
∑
v∈V (G)
ecc(v)
and is introduced in [5].
Examining the behaviors of various graph invariants in trees has been of interest. The sum of
eccentricities in trees was extensively studied in [5]. We will also focus on trees in this paper.
1.1 Variations of ecc(v) and Ecc(T )
We start with introducing some natural variations that we will study throughout this paper.
First note that the eccentricity of a vertex v must be obtained by the distance between v and a leaf
(since it is the largest distance from v), and consequently one could write
ecc(v) = max
u∈L(T )
d(u, v)
where L(T ) is the set of leaves of T . It is then natural to consider, for any vertex v in a tree T , the
function
uniT (v) := min
u∈L(T )
d(u, v).
We will call uniT (v) (or simply uni(v)) the uniformity of v in T . Note that the uniformity of a leaf
is, by definition, zero.
Consequently, the sum of uniformities of a tree T is denoted by
Uni(T ) :=
∑
v∈V (T )
uni(v).
We denote the difference between the eccentricity and uniformity at a vertex by
δT (v) := eccT (v)− uniT (v)
and its sum by
∆(T ) =
∑
v∈V (T )
δT (v).
Lastly, note that Ecc(T ) is the sum of the largest distances from vertices. The natural analogue
is the largest sum of distances from vertices, i.e.
LD(T ) := max
v∈V (T )
d(v).
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1.2 Extremal problems for global functions
The so-called extremal problems ask for the extremal structures that maximize or minimize a
graph invariant within a collection of graphs. For instance, the extremal trees that minimize or
maximize the Wiener index in various classes of trees have been studied. One may see [2, 3, 4, 11]
for surveys of such studies on the Wiener index and distance-based indices in general. The extremal
problems with respect to the sum of eccentricities have been studied in [5]. We will, in Section 2,
consider such problems with respect to Uni(T ) and LD(T ) among trees and trees with a given
number of internal vertices.
1.3 Middle parts of a tree
The “middle part” of a tree is usually defined as the collection of vertices that maximize or
minimize a certain local graph invariant in a tree. The collection of vertices that minimize d(v) is
called the centroid CT (T ) of T and the collection of vertices that minimize ecc(v) is called the center
C(T ) of T [1]. It is well known that these two middle parts share the common property that each
contains one or two adjacent vertices. It is also known that they do not need to be the same. The
study of different middle parts and their relations has received some attention in the recent years
[6, 7, 8].
From uni(v) a natural middle part can be defined as the collection of vertices that maximize
uni(v), denoted by Cuni(T ). In Section 3 we briefly examine the property of Cuni(T ) and compare
it with C(T ). In addition, as the vertices in C(T ) achieves the radius
r(T ) := min
v∈V (T )
(
max
u∈L(T )
d(v, u)
)
(1)
while vertices in Cuni(T ) achieves
r′(T ) := max
v∈V (T )
(
min
u∈L(T )
d(v, u)
)
. (2)
It is also a natural question to compare their values. We will see in Section 3 that the radius is
always larger.
1.4 Comparison between different concepts
As our study is motivated from the eccentricities, it makes sense to compare Uni(T ) and LD(T )
with Ecc(T ). This is done in Section 4. Also note that
∆(T ) = Ecc(T )−Uni(T )
and
δ(v) = ecc(v)− uni(v).
In fact, when δ(v) is considered as a local function, it behaves in a very similar way as ecc(v). We
will discuss related observations in Section 5.
3
2 Extremal trees with respect to Uni(T ) and LD(T )
We first note the following simple observation.
Proposition 2.1 For a tree T of order n,
LD(Sn) ≤ LD(T ) ≤ LD(Pn)
where Sn and Pn are the star and path on n vertices, respectively.
Proof. By definition we have
d(v) ≥ 1 + (n− 2) · 2
for any leaf v, as v has a unique neighbor and is at distance at least 2 from any other vertex. Thus
LD(T ) = max
v∈V (T )
d(v) ≥ 1 + (n− 2) · 2 = LD(Sn)
with equality if and only if T is a star.
On the other hand, given a vertex v ∈ V (T ), for every vertex u such that d(u, v) = k ≥ 2 there
exists at least one vertex w such that d(w, v) = k − 1, hence
d(v) ≤ 1 + 2 + . . .+ (n− 1) =
n(n− 1)
2
with equality if and only if v is one end of a path. Then
LD(T ) = max
v∈V (T )
d(v) ≤
n(n− 1)
2
= LD(Pn).
Next, for Uni(T ), we will show that the path Pn also maximizes it among trees of order n.
Theorem 2.1 Among all trees of order n, Uni(T ) is maximized by the path Pn. More specifically,
Uni(T ) ≤
{
n2−2n+1
4 , if n is odd;
n2−2n
4 , if n is even;
with equality if and only if T ∼= Pn.
Proof. We will focus on the case of even n. The odd case can be handled in exactly the same way.
Let T be such a tree of order n with maximum Uni(T ), and suppose (for contradiction) that T is
not a path. Let P := v0v1 . . . vd be a longest path in T and let Ti denote the component containing
vi in T − E(P ) for i = 1, 2, . . . , d− 1. Let t be the smallest subscript such that |V (Tt)| ≥ 2.
We consider the tree T ′ obtained from T by “moving” Tt from vt to v0. That is, we remove all
edges between vt and its neighbors in Tt and connect these neighbors to v0 (Figure 1).
Furthermore, let
x = UniTt(vt) = min
w∈L(Tt)
d(vt, w).
It is easy to see that x ≤ t ≤ ⌊d2⌋ as P was defined to be a longest path.
We will consider, from T to T ′, the possible change in uni(v) for every vertex.
4
v0 vt vd−1v1 vd
Tt
Tt
T T ′
v0 vt vd−1v1 vd
Figure 1: The trees T and T ′.
• First, for any vertex v ∈ V (Tt)\{vt}, if uniT (v) was obtained with a leaf in Tt then uniT ′(v) =
uniT (v). Otherwise, if uniT (v) was obtained with a leaf outside of Tt, then uniT ′(v) ≥ uniT (v).
• For any vertex v ∈ V (T )\ ({v0, v1, . . . , vt−1} ∪ (V (Tt) \ {vt})), since the leaves of Tt are moved
further away from v, we must have uniT ′(v) ≥ uniT (v).
• For any vertex v ∈ {v0, v1, . . . , vt−1}:
– If uniT (v) was obtained by v and v0, then uniT ′(v) > uniT (v) as v0 is no longer a leaf in
T ′.
– If uniT (v) was obtained by v and a leaf not in Tt, then by the first case the uniformity
can not decrease. In particular, we have uniT ′(v0) > uniT (v0).
– If uniT (v) was obtained by v and a leaf w in Tt, then v = vi must be closer to vt than to
v0 in T , and consequently uniT ′(v) = min{i+ x, d(v, w
′)} for some leaf w′ not in Tt.
∗ if uniT ′(v) = i+ x, then uniT ′(v) = i+ x ≥ (t− i) + x = uniT (v) as v = vi is closer
to vt than to v0;
∗ if uniT ′(v) = d(v, w
′), then by the definition of uniT (v) we have d(v, w
′) ≥ d(v, w) =
(t− i) + x, then uniT ′(v) = d(v, w
′) ≥ (t− i) + x = uniT (v).
Consequently we have Uni(T ′) > Uni(T ), a contradiction.
Thus Uni(T ) is maximized by a path, it is easy to compute the exact value depending on the
parity of n.
On the other hand, it is easy to see that the uniformity is at least 1 for any internal vertex and
as the star has only one internal vertex v with uni(v) = 1, we have the following observation.
Proposition 2.2 For any tree T of order n we have
Uni(T ) ≥ 1
with equality if and only if T ∼= Sn.
Since Uni(T ) largely depends on the number of internal vertices, it makes sense to consider the
extremal problem among trees (of order n) with a given number of internal vertices (or equivalently,
with a given number of leaves). Through analogous argument as the proof of Theorem 2.1, we have
the following.
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Proposition 2.3 Among trees of order n with k internal vertices, Uni(T ) is maximized by a tree
(not unique) obtained through attaching a total of n− k pendant edges to the two ends of a path Pk
with at least one pendant edge at each end. See Figure 2. More specifically, we have
Uni(T ) ≤
{
k2+2k+1
4 , if k is odd;
k2+2k
4 , if k is even;
v1 v2 vk−1 vk
··
·
··
·
Figure 2: An extremal tree with maximum Uni(T ).
To minimize Uni(T ) the conclusion depends on the number of internal vertices (compared with
the total order of the tree). Recall that a starlike tree S(l1, l2, . . . , lm) is the tree with exactly one
vertex of degree ≥ 3 formed by identifying the ends of m paths of length l1, l2, . . . , lm, respectively.
See Figure 3 for an example.
Figure 3: An example of a starlike tree.
Proposition 2.4 Let T be a tree of order n with k internal vertices:
• If k ≤ ⌊n2 ⌋, then
Uni(T ) ≥ k
with equality if and only if every internal vertex is adjacent to some leaf. Such an extremal
tree is obviously not unique.
• If k > ⌊n2 ⌋, then Uni(T ) is minimized by a starlike tree S(l1, l2, . . . , ln−k) where |li − lj | ≤ 1
for any 1 ≤ i, j ≤ n− k.
Proof. The first case is trivial, as uni(v) ≥ 1 for each of the k internal vertices and this can be
achieved when there are more leaves than internal vertices.
In the second case, we have k > n − k, the number of leaves. Then there are at most n − k
internal vertices with uni(v) = 1, then at most n−k internal vertices with uni(v) = 2, etc. It is easy
to see that the described starlike tree (again, not unique) achieves this.
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3 Middle parts of a tree
First we note that there is no obvious connection between the center C(T ) and Cuni(T ). As one
can see from Figure 4, Cuni(T ) may not induce a connected subgraph (recall that C(T ) contains
one or two adjacent vertices, hence always connected). In this particular case we also have the two
middle parts being disjoint from each other.
u v w
Figure 4: A tree T with C(T ) = {v} and Cuni(T ) = {u,w}.
Furthermore, Cuni(T ) may contain many vertices, as in a binary caterpillar shown in Figure 5,
all internal vertices are in Cuni(T ).
. . .
Figure 5: A binary caterpillar.
Also note that vertices of C(T ) and Cuni(T ) need not be adjacent, as can be seen by an example
similar to Figure 4 but with a longer diameter. Furthermore, C(T ) does not need to lie “between”
vertices of Cuni(T ) as shown in Figure 6.
u vw
Figure 6: A tree T with C(T ) = {u, v} and Cuni(T ) = {w}.
Related to the middle parts, recall that we defined r(T ) and r′(T ) in (1) and (2). It is easy to
show that the radius r(T ) is always larger.
Proposition 3.1 For any tree T , we must have
r(T ) ≥ r′(T ).
Proof. Let v0 ∈ Cuni(T ) and v1 ∈ C(T ), then
r(T ) = max
u∈L(T )
d(u, v1) and r
′(T ) = min
u∈L(T )
d(u, v0).
Now pick a leaf w that is closer to v0 than v1, then
r(T ) = max
u∈L(T )
d(u, v1) ≥ d(w, v1) ≥ d(w, v0) ≥ min
u∈L(T )
d(u, v0) = r
′(T ).
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4 Comparing Uni(T ) and LD(T ) with Ecc(T )
In this section we study the difference between Ecc(T ) and the new distance-based graph invari-
ants.
4.1 The difference between Ecc(T ) and LD(T )
First of all it is easy to see, by definition, that Ecc(T ) is at least as large as LD(T ) as
LD(T ) = max
v∈V (T )
d(v) = d(v0) =
∑
u∈V (T )
d(v0, u) ≤
∑
u∈V (T )
ecc(u) = Ecc(T )
where we assume LD(T ) to be obtained at the vertex v0.
The next observation states that Ecc(T ) is at least two more than LD(T ).
Proposition 4.1 For any tree T of order at least 3,
Ecc(T ) ≥ LD(T ) + 2
with equality if and only if T is a star.
Proof. Again let v0 be the vertex where LD(T ) = maxv∈V (T ) d(v) is obtained. Note that v0 has to
be a leaf vertex. Then
LD(T ) = d(v0) =
∑
u∈V (T )
d(u, v0) = d(v0, v0) +
∑
u6=v0
d(u, v0)
≤
∑
u6=v0
ecc(u) = Ecc(T )− ecc(v0) ≤ Ecc(T )− 2.
It is easy to see that equality holds in both inequalities if and only if v0 is a leaf of a star.
Proposition 4.1 states that the difference Ecc(T )− LD(T ) is at least 2 in trees. It is natural to
expect the path to maximize this difference. We have, however, not yet been able to find a proof.
Question 4.1 Is it true that we always have
Ecc(T )− LD(T ) ≤ Ecc(Pn)− LD(Pn)
for any tree T of order n?
4.2 The difference ∆(T ) = Ecc(T )− Uni(T )
Similarly, it makes sense to consider the extremal values of ∆(T ) = Ecc(T ) − Uni(T ). By
definition one immediately has ∆(T ) ≥ 0 for any T . We now show that the minimum ∆(T ) is
achieved by the star.
Theorem 4.1 Among all trees of order n, ∆(T ) ≥ 2(n− 1) = ∆(Sn).
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Proof. First it is easy to see that in Sn, δ(v) = 0 at the center v and δ(u) = 2 for any other vertex
u. Hence ∆(Sn) = 2(n− 1) as claimed.
On the other hand, for any tree T , it is well known that the center C(T ) may contain one vertex
or two adjacent vertices.
• If C(T ) contains only one vertex, say v, then δ(v) ≥ 0. And for any vertex u 6= v, we have
ecc(u) ≥ ecc(v) + 1 and uni(u) ≤ ecc(v)− 1.
This can be seen by considering a maximal path containing both v and u.
Consequently δ(u) ≥ 2;
• If C(T ) contains two adjacent vertices v1 and v2, it is easy to see that the edge lies in the
middle of a longest path. Then we have
δ(v1) ≥ 1 and δ(v2) ≥ 1.
For any vertex u /∈ C(T ), we have δ(u) ≥ 2 following similar reasoning as above.
In both case we have
∆(T ) =
∑
v∈V (T )
δ(v) ≥ 2(n− 1).
Now to maximize ∆(T ), like before it may be natural to expect the path to be extremal. The
following example shows that this is not the case. We have not yet been able identify the extremal
structure in this sense.
Consider the trees T1 = P14 and T2 on 14 vertices in Figure 7, simple computation shows that
∆(T1) = 98 < 104 = ∆(T2).
Figure 7: The path T1 (on the left) and the tree T2 (on the right) with ∆(T1) < ∆(T2) .
5 The behavior of δ(v)
Last but not least, we treat δ(v) = ecc(v) − uni(v) as a local function and study its properties.
Recall that the maximum ecc(v) is obtained at some leaf and the minimum ecc(v) is obtained at the
center vertices in C(T ) (consisting of one or two adjacent vertices). Also recall that Cuni(T ) behaves
very differently from C(T ). It is interesting to see, as we will show in this section, that δ(v) behaves
very much like ecc(T ) in terms of these extremal cases.
First since ecc(v) is maximized at the end vertices of paths of maximum length, and uni(v) = 0
at leaves. The following is trivial.
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Proposition 5.1 In a tree T the maximum δ(v) is obtained at the end vertices of paths of maximum
length, exactly those that maximize ecc(v).
Next we consider the minimum value of δ(v) in a tree T , denoted by δ(T ) = minv∈V (T ) δ(v). It
turns out that, depending on the parity of the diameter the center vertices either achieves δ(T ) or
is very close.
Theorem 5.1 For a tree T with center C(T ):
1. if C(T ) consists of a single vertex v, then δ(v) = δ(T );
2. if C(T ) contains two vertices, then δ(v) ≤ δ(T ) + 1 for any v ∈ C(T ).
Proof. For Case (1), it is easy to see that the center vertex v = vd/2 must be in the middle of
the longest path P := v0v1 . . . vd for some even d. Similar to before, let Ti denote the component
containing vi in T − E(P ) for i = 1, 2, . . . , d− 1.
Let ecc(v) = d(v0, v) and uni(v) = d(u, v) for some leaf u in Ti0 . Suppose, without loss of
generality, that i0 ≤ d/2 (Figure 8).
u
v0 vi0 v d
2
(v) vdv1 vd−1. . . . . .
Figure 8: The tree T with diameter d (even) and vertices u, v, vi0 .
Then
δ(v) = i0 − d(vi0 , u).
On the other hand, for a vertex w:
• if w is in ∪d−1i=i0+1V (Ti) ∪ {vd} (i.e. to the right of vi0), we have
δ(w) = ecc(w) − uni(w) ≥ d(w, v0)− d(w, u) = i0 − d(vi0 , u) = δ(v).
• if w is in ∪i0i=1V (Ti) ∪ {v0}, we have
δ(w) = ecc(w) − uni(w) ≥ d(w, vd)− d(w, u)
≥ (d− i0)− d(vi0 , u) ≥ i0 − d(vi0 , u) = δ(v).
For Case (2), following similar notations we have the center vertices v d±1
2
on a longest path
P := v0v1 . . . vd. We also define Ti accordingly for i = 0, 1, . . . , d (T0 and Td are single vertex
components).
For v d−1
2
, let uni(v d−1
2
) = d(v d−1
2
, u) for some leaf u in Ti0 .
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• If i0 ≥
d+1
2 , then exactly the same argument as Case (1) leads to δ(v d−12
) = δ(T ).
• If i0 ≤
d−1
2 , then
δ(v d−1
2
) = ecc(v d−1
2
)− uni(v d−1
2
) = d(v d−1
2
, vd)− d(v d−1
2
, u)
=
d+ 1
2
−
((
d− 1
2
− i0
)
+ d(u, vi0 )
)
= 1 + i0 − d(u, vi0).
For any other vertex w similar arguments as Case (1) shows that δ(w) ≥ i0 − d(u, vi0). Hence
δ(v d−1
2
) ≤ δ(T ) + 1.
The argument for v d+1
2
is completely the same.
Remark 5.2 The center vertex or vertices are not necessarily the only ones achieving the minimum
δ(v). As can be easily seen from Figure 4, that δ(u) = δ(v) = δ(w) = 2 in the tree T .
6 Concluding remarks
For any vertex in a tree, when taking the minimum instead of maximum distance to any leaf
vertex, we have the uniformity (as opposed to the eccentricity) at a vertex. Similarly, instead of
taking the sum of eccentricities in a tree (as was previously studied), one may take the sum of
smallest distance from each vertex to leaves, or take the largest sum of distance from a vertex to
others (i.e. the largest value of distance function). These concepts appear to be natural variations
of eccentricity and sum of eccentricities. We studied the extremal problems, middle parts of a tree
with respect to the new global and local functions. We also compared their behaviors with the
eccentricity, center, and sum of eccentricities.
Some of the extremal structures, although natural to expect, does not seem easy to prove. We
proposed some related questions along this line.
In addition, in case (2) of Theorem 5.1 we simply claimed that δ(v) ≤ δ(T ) + 1. But it seems
that δ(T ), although not necessarily achieved by both center vertices, can only be achieved at center
vertices. Confirming this statement either way would be interesting.
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